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ABSTRACT: The Freed-Edwards theory of the concentration dependence of the hydrodynamics of polymer solu-
tions is generalized to consider the Huggins coefficient for polymer viscosity with excluded volume. The increase in
chain dimensions from intramolecular excluded volume interactions and their decrease from intermolecular ones
are taken into account in the calculation. It is assumed that excluded volume effects serve only to alter the chain dis-
tributions in a concentration-dependent sense. Otherwise different chains are taken to be statistically uncorrelated
at low concentrations and low frequencies. For fully developed excluded volume cases, as in good solvents, it is shown
that £y S 0.4, independent of polymer and solvent, and that the role of intermolecular excluded volume interactions
in good solvents is rather minor. For very small excluded volume cases the theory justifies the use of different scaling
factors for the inter- and intra-chain effects, yielding results in general agreement with experimental data.

(I) Introduction

At low, but finite, concentrations the polymer solution
viscosity is observed to have the concentration dependence

n=1o(1+ [n]c + kuln]?c2+...) (1

thereby defining the dimensionless Huggins coefficient kg,
where 7 is the polymer solution viscosity, ng is the pure solvent
viscosity, [n] is the polymer intrinsic viscosity, and ¢ is the
polymer mass concentration. The increase in solution viscosity
with concentration has its origin in the disturbance of the
hydrodynamic shear fields in the pure solvent by the presence
of the large solute particles. At very low concentrations, the
hydrodynamic shear fields are adequately approximated by
considering one solute particle at a time and by ignoring the
hydrodynamic interactions between solute particles. Einstein!
solved this problem for hard spheres to obtain n = no(1 + 2.5¢),
where ¢ is the volume fraction of hard spheres. Polymer
molecules are more complicated because they are not “hard”;
various models and treatments exist.

A random polymer chain possesses a long-ranged intra-
molecular excluded volume effect, due to the exclusion to
multiple occupancy of space by two or more segments of the
polymer, in addition to the short-ranged interactions between
segments due to the connectivity of the chain. In polymer
solutions at finite concentration, a concentration-dependent
intermolecular excluded volume effect can also be present.
The theoretical study of the Huggins coefficient for polymer
solutions with excluded volume is the subject matter of the
present paper.

For a given polymer solution, it is experimentally possible
to realize a temperature, called theta temperature (6), at
which the average excluded volume effect is zero due to the
mutual cancellation between polymer—solvent and polymer-
polymer interactions. The parameter (1 — (6/T")), where T is
absolute temperature, in part, provides a measure of the
“goodness” of a solvent. The long-ranged excluded volume
effect is generally written in terms of the short-ranged pair
potential of mean force in a fashion very similar to that in
simple solution theory. There are two regimes which are of
particular interest in this problem. The first case involves large
excluded volume effects (in good solvents) and presents
mathematical difficulties similar in nature to those encoun-
tered in the theory of critical points in ordinary fluids, the
exact solution having not been obtained yet. The second case
considers small excluded volume effects (in poor solvents), and
the mathematical treatment is similar in spirit to the theory
of imperfect gases. In this approach, the excluded volume
effect is expressed in terms of a parameter, z, which depends

on (1 — 8/T)M'2, where M is the molecular weight of the
polymer, and properties are determined in an asymptotic
power series expansion in z.

Experiments23 show that ky lies around 0.7 at the theta
temperature and decreases monotonically as the excluded
volume parameter, 2, is increased to reach a limiting value of
about kg ~ 0.3 in good solvents. The earlier efforts45 to cal-
culate ky (including only the hydrodynamic pairwise inter-
action between solute particles) led to some improper integrals
for ky, which depend on the surface of the solution because
the average stress tensor acting on a chain is proportional to
r=3 due to the long-ranged nature of the hydrodynamic in-
teraction.? Peterson and Fixman® have argued, on the other
hand, that the situation is somewhat analogous to the theory
of dielectrics. They have evaluated both the average stress and
the average velocity gradient and have shown that 2y does not
involve any improper integrals. Although their value of ky is
in agreement with that of experiments at the theta tempera-
ture, their calculations predict an increase in ky with z, con-
trary to experiment on random coil molecules. It is to be noted
that in the case of polymers, the effective size of the polymer
molecules varies with concentration, owing to thermodynamic
causes. Hence the effective volume fraction ¢ of polymer for
hydrodynamic activity varies from a strict proportionality teo
polymer mass concentration. This dependence of molecular
size on concentration has the effect of making an important
possible contribution to the Huggins coefficient for polymers,
which is not incorporated in the work of Peterson and Fix-
man.

Recently, a theory of k"1 has been obtained from the
theory of polymer viscosity® in concentrated solutions,® which
is free of improper integrals. When applied to the Gaussian
random coil chain in theta solvents, the theory results in a
value of 0.7574 for ky in agreement with Brinkman’s esti-
matel? using a very simple dimensional method. Here we
generalize this theory to random coil chains with excluded
volume both in good and poor solvents, including the overall
expansion of the chain due to the intramolecular excluded
volume and the concentration-dependent intermolecular
excluded volume effect which gives rise to a reduction of the
overall chain dimension. The results are compared with ex-
perimental data.12-15

(IT) Theory of the Huggins Coefficient

For a system of polymers in solution, the solvent is assumed
to be incompressible and is described by a Navier-Stokes
equation, while the polymer dynamics is governed by some
chain model and the hydrodynamic interactions. The model
considered here is that of a Gaussian chain backbone with
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excluded volume interactions between all pairs of segments
(on all chains!). At infinite dilution the chains are sufficiently
far from each other so intramolecular hydrodynamic inter-
actions can be taken to propagate through the pure solvent.
As the concentration is increased, however, the fluid element
leaving, say, segment i on chain @ may have its flow disturbed
by (be scattered by) some segment on chain 3 before en-
countering another segment, say j, on chain a. This possibility
and all higher order processes are represented in a multiple
scattering formulation of the exact hydrodynamics for the
polymer solution. This multiple scattering theory has been
used to evaluate the Huggins coefficient under theta condi-
tions, and it is generalized herein to include the excluded
volume effects. Rather than pursuing the lengthy mathe-
matical analysis of ref 7-10, we can derive the final equations
by a simple physical argument.!¢

We are only interested in the average properties of the
polymer solution where the average covers the distribution
of all possible internal polymer configurations and spatial
center of mass positions. The averaged solution is described
hydrodynamically by a stress tensor involving that of the pure
fluid plus an incremental contribution from the polymer. As
only the divergence of the stress tensor occurs in the hydro-
dynamic equation, we need only focus on it. The divergence
of the polymer contribution to the stress tensor is defined as
fdr’ {dt'Z(r — r';t = t')-u(r’,t’) where the tensor 2 is called
the solution “self-energy”, and u(r,t) is the velocity of the
averaged solution at r and ¢. Hence, the quantity 2 is the
object of investigation as we may directly obtain the viscosity
from it. For this purpose it is convenient to introduce Fourier
transforms in both space and time to yield 2(k,w) from which
the solution viscosity follows from

[eotn(@) = mo(@)]1 = = lim = [2(kw) = 20,0)] (@)
k—ok

as is evident from the relationship of Z-u to the divergence of
the polymer contribution to the stress tensor.

The quantity =(k,w) is, therefore, the object of study to
determine its concentration and excluded volume dependence.
We limit the discussion to zero frequency and low concen-
trations in order to obtain kg as a function of excluded vol-
ume. Since we perform an average over all chain configura-
tions and positions, suppose this average were initially carried
out over all chains but one particular chain «. If there were no
statistical correlations between o and other chains, lasting for
times on the order of or longer than w1, we could view chain
« as moving in the averaged polymer solution rather than in
the pure fluid. Thus, intrachain hydrodynamic interactions
within « are dictated by the averaged fluid with the divergence
of the stress tensor equal to that of the pure solvent plus Z-u.
Now the problem is analogous to that considered at infinite
dilution, and we may determine the viscosity of the solution
by multiplying the contribution from chain o by the number,
N, of chains in solution, Equivalently, we use the approxi-
mation of N independent chains in the averaged fluid to de-
termine X itself, thereby yielding the self-consistent,
“mean-field” equations for £ obtained by much more labo-
rious methods in ref 7-10. (Corrections due to correlations
between chains can be included in terms of a multiple scat-
tering formulation with the averaged fluid as a reference
rather than the pure solvent.) We assume that the dominant
effect of the excluded volume interactions is to alter the spatial
distributions of these independent chains in a concentra-
tion-dependent fashion as described below.

In order to express the equations for Z, it is convenient to
introduce the spherically averaged, effective intramolecular,
concentration dependent hydrodynamic interaction, K(s —
s’,c), acting between segments at positions s and s’ along a
chain in the averaged solution. We denote the magnitude of
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the spherically averaged self-energy tensor as Zo(k,c) at w =
0. The coupled integral equations for Zo(k,c) and K (s — s’,¢)

arel”?
__cNa (=, T(kgq)
Zolke) = = 2 i do i h (3)
g

Ko = (5)7 += ML)

— R k2 ——— (4
l 371'2 j:) k [‘r]()k/2 - Eo(k',c)] ( )

where

Kgo)= f~ ds - expligls = IK(s = ') (5)
T(kq) = f_z d(s — s) explig(s — s)]S(s — s"k)  (6)
S(s — s’,k) = (explik-[R(s) — R(s")]})

k2
= exp| == ([R(s) —RE® 1 (D

K(q,c) is the Fourier transform of the static limit of the re-
normalized effective concentration-dependent hydrodynamic
interaction tensor for the Rouse mode with wave vector g =
27p/nl (p, the Rouse mode index, is an integer). S(s — s’,k)
is the static concentration-dependent segment pair correlation
function. My is the “monomer” molecular weight, N is the
Avogadro’s number, [ is the Kuhn effective step length, and
n is the number of such effective links. {is the bead friction
coefficient. Equation 7 represents an assumption concerning
the distribution function for {R(s)} where higher cumulants
are ignored. (They could be included but do not enter into (1)
through order ¢2.) Excluded volume effects are taken to enter
only through the excluded volume dependence of ([R(s) —
R(s")]2) in (7).

The intramolecular excluded volume effect results in an
expansion of the chain. The intermolecular excluded volume
effect, on the other hand, results in a contraction of the chain
which is concentration dependent. Taking both effects into
account, the equilibrium mean-square end-to-end distance
can be written to first order in ¢ in the general form

([R(s) — R(s")]2) = R20)(s —s") — cR2M(s —s") (8)

The functional behaviors of R2(0(s — s’) and R2(W(s — s’) are
determined by the nature of the chain backbone model and
by the extent of the excluded volume effect. Equation 8 is then
substituted in (6) to obtain I'(k,q) as a series expansion in
concentration,

I'(k,q) =TO(k,q) + cTV(k,gq) + 0(c?) 9

The explicit expressions for I'O(k,q) and I''V)(k,q) are derived
in Appendix A.

An iterative approach is employed to obtain Zq(k,c) through
c2, and then the solution viscosity follows from use of (2). First,
K(q,0) is calculated using the zero concentration limit value
of K(s —s',¢),

lim K(s —s',c) = 1 (|R(s) — R(s")]o~ 1) (10)
6mno

c—>0

/:
— ()" (R - Ris 12

- 6wy \m
-1 <§> 12 [R20)(s — ¢/)]=1/2
B6mrno \m
= KOs — 57) (1)

in the nondraining limit of { =1 — 0, an approximate per-
turbed distribution (with excluded volume) being employed
for the chain at ¢ = 0. The subscript zero identifies the cor-
responding function at zero concentration limit. The zero
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concentration limit values of K(s — s’,¢) and I'(k,q), from eq
10 and 11 and 9, respectively, are substituted in (3) to calculate
the lowest order self-energy, which in turn is substituted in
(4) to obtain K(g,c) in a series expansion in concentration.

K(g,c) = KO(g) + cKW(g) + 0(c?) (12)

The explicit expressions for K9 (g) and K1 (q) are derived
in Appendix A.

Equation 12 is then substituted into (3) to determine the
first-order self-energy, which in turn is substituted in (2).
Setting ¢ = 27p/L gives the specific viscosity per unit polymer
concentration through the first order in concentration as

1 g=i=m_ 2Ny ¢ 1 . TI9kp)
¢ P ¢ LMano i<t KO(p) sep k2
2INa w[ 1 I O(k,p)
+ im
CIMano =1 LKO (o) oy~ &2
KO(p) . I‘(O)(kp)]
- 1 - + 0(c? 13
[KOp)2 ey &2 () (13)

where L is the total chain length. Using (1) and (13) enables
the evaluation of the Huggins coefficient.

(II1) Huggins Coefficient in Good Solvents

When the excluded volume effect is large, as in the case of
polymer solutions in good solvents, the mean-square seg-
ment-to-segment distance can in general be written as

([R(s) = R(s")]?) = [A]|s — s’|“(1 = Be|s —s’|* + 0(c?))
(14)

where the form of the concentration-dependent term arises
from the result of lattice calculations.1® The familiar first term
in the right-hand side of (14) describes the fully developed
intramolecular excluded volume effect, and the second term
describes that due to the intermolecular excluded volume
effect. The coefficients A and B have the dimensions of
(length)!=” and (length)~«/concentration, respectively, and
are discussed below. The mean-square segment-to-segment
distance at finite concentration cannot be determined from
light-scattering measurements because these measurements
are determined by a combination of intramolecular and in-
termolecular interference factors which cannot be separately
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estimated.® In the discussion below we show that the data on
ky can, in principle, be used to calculate the coefficient B, but
it turns out that the mean-square segment-to-segment dis-
tance is not too sensitive to the value of B in the range of ex-
pected values as discussed below. The exponents » and w can
be obtained from Monte-Carlo simulations,2® exact enum-
erations on lattices,!® and mean-field theories.2! The ranges
of possible values of v and w are analyzed below in the dis-
cussion of the comparison with experiment.
Comparing (14) with (8) gives

R20)(s — 5"y = [A]|s — s’|¥

R2W(s = s") = |[AB|s — s'|vte (15)
Substituting these into (A.2) gives
® 2 v
TOk,q) =2 j; dx cos (gx) exp[— krAX ] (16)

© 2 vhw 2 v
IFrWk,gq)=2 j; dxleB;X—-cos {gx) exp[— k lng ]

(17)
Inserting (16) into (A.5) leads to (see Appendix B)

s () R ()
(18)

K(O)(q) ”

where I'(£) is the gamma function

I(¢) = j;m dt té~1exp[~t]

Introducing (16), (17), and (18) into (A.7) gives the specific
viscosity per unit concentration through first order in con-
centration as (Appendix B) in eq 19 where {(a) is the Riemann
¢ function

{la) = i pe
p=1

Upon combining (1) and (19), the nonfree-draining intrinsic
viscosity and the Huggins coefficient for fully developed ex-
cluded volume situations respectively become eq 20 and 21.
It is to be noted that (20) is the same as that derived by
Tschoegl?? from the approximation ([R(s) — R(s’)]2) = lA|s

1 __ (L/2)(3/2-D152432N s T(1 + v) cos [(1 + »)7/2]¢ (30/2)

¢ naple) = 81727 /216—1IM

T(1 = (/2)) cos [(1 = (4/2))7/2)

[2[5/2(7rA)3/2BNA T(v+w+1) cos [(v + o + 1)7/2] <£ RCCIN.
T - (1/2)) cos [(1 — (5/2))7/2)] ) <°’ >

61/2LMA

27 2

15/2(wA)32BN o T'(w = (/2) + 1) T(1 + ») cos [(« = (#/2) + 1)7/2] cos [(1 + »)7/2] <£>w+<3v/2) + 3y
{T(1 = (v/2)) cos [(1 = (v/2))w/2]}2 <w )

6121 M 5

2r 2

_ 158/ 2ABN 2 T (1 + »)T(2 = W/2)T((v — 2)/20)T((1 = »)/¥)T(v) cos [{(1 + »)7/2] cos [(2 = (v/2))7/2] cos (vr/2)

LM A*

_ (L/2)\ /- V[5/2A82N o T(1 + ») cos {(1 + »)m/2}{(3v/2)

{T(1 = (¥/2)) cos [(1 = (v/2))r/2]}2

X (L/27)3 =1 ¢(3p — l)] +0(c2) (19)

kH=

[ = 6127/ =DM 4 (1 = »/2) cos {(1 = (v/2))7/2) (20)
_ 2T (2 = (v/2))T((v = 2)/20)T((1 = »)/v) T(¥) cos [(2 = (v/2))7/2] cos (v7/2) £(3v = 1)
»rt2T(1 + W)T(L = (v/2)) cos [(1 = (/2))7/2) cos [(1 + »)7/2) [£(3v/2))2

_ £ <_I:_>w $((Bv/2) + w) (Tw+ w=+ 1) cos [(v+ w+ 1)7/2] | T(w— (v/2) + 1) cos [(w — (#/2) + 1)7/2] @1)

27

[n] $(3v/2)

(1 + ») cos [(1 + v)7/2]

2T (1 = (#/2)) cos [(1 = (v/2))7/2]
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— s’|” by setting ¢ = 0 in (14), while (21) depends on w and B
in addition to the quantities in (20).

(IV) Huggins Coefficient with Small Excluded Volume

When the excluded volume effect is small, it is expressed
in terms of a parameter, z, which is proportional to (1 — (6/
T))M1/2, Including both the intra- and intermolecular ex-
cluded volume effects Yamakawa23 has shown that the mean
square intersegment distance is of the form

([R(s) = R(s)]2) = I]s = 5’| [1 + Bfu(s,s")
—chfals,s) +...] (22)

where 3 is the binary cluster integral for a pair of segments and
only terms through first order in 8 and in ¢ are retained. f; and
fo are rather involved functions which are not reproduced here.
A full treatment would require the substitution of (22) in (13),
but the complexity of /1 and f; makes it convenient to intro-
duce simple approximations. For the zero concentration limit
Yamakawa and Tanaka?* have utilized (22) with ¢ = 0 to ob-
tain the result

[n] = [n]e(1 + 1.062 +...) (23)
where
3 \ 32
2= (5,p) on 24

If, on the other hand, the enormous simplification of using the
uniform scaling approximation,

([R(s) = R(sN2) = I|s = ’|[L + (4/3)z +...] (25)

were used instead, the coefficient of z in [n] would incorrectly
be obtained as 2. Thus, although (25) is correct for length
expansions (s = L, s’ = 0), the integrations in (13) mangle
f1(s,s’) sufficiently to produce a different coefficient. Similarly,
f1 appears differently in [5] and ky, so this scale factor must
be different for these two cases. Likewise, the use of the correct
length scaling factor instead of f¢ would also produce the
wrong coefficient in the viscosity as it could not correctly re-
produce the effects of the integrations in (13). Thus, we are
led to the use of the nonuniform scaling procedure of intro-
ducing

{R(s) = R(sN)?) = l|s —s'|[L + c1z2 —cacz +...] (26)

into (13), recognizing that when ¢; occurs in the expression

for [5] it is to be replaced by the value of (%;3)(1.06), but ¢y is

left as a scaling factor in kg (along with c3). The full form of

f1 and f, thereby justifies the use of this nonuniform scaling

approximation which was suggested to us by Yamakawa.
Using

R20)(s — ') = l|s — s’| (1 + ¢12)
R2W(s = §7) = zeol|s — & (27
in (A.2) yields (Appendix C)
(R2/3)(1 + c12)
0) =
PR = 1 kol + erz)/607]

2 o
[k q) = 202 fTae-9
3 0

(28)

X exp[— k%l (14 cz)(s — s’)](s —s’)cos {g(s —s’)} (29)

Introducing (28) into (A.5) and using the change of variables
y2 = k(1 + cy2)/6 leads to the result
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2 {_6_1/2 wd y2
372n0 l(1+01z)] J; Y+t

{ql(1 + ¢y2)}71/2 (30)

KO(q) =

31/27,.,70

Equation 30 is the same as that obtained from eq 4, 10 and 11,
and 27. Substituting eq 28-30 into (A.7) yields the specific
viscosity through first order in concentration and z as

1 NAL1/215/2¢(3/2)
;ﬂsp(c = W (1 + %3(1.062)]32
Na\2 L[5
+c [<A_4i> ry $2)(1 + ¢q2)2
_ 3NALY25%(3/2)

1/2 2
2 (6m)ZM, coz(l +¢12) ] +0(c?) (3D

The first term in (31) yields the correct value of [] while
ky is given as
py =2+ c12)?
[£(3/2)]2 [1 + %5(1.06)2]3
3 (14 c12)1/2

2
2 [7](1 + 25(1.06)z]3/2 +0(z%)

= kasoll + (Bey — 2122 +... ]~ 22 4 02y (32)
2 [nle

where kyg is the Huggins coefficient at the theta tempera-
ture.

Yamakawa has noted that, when use is made of scaling
approximations as in (26) and (27), the full theory of (13) is
unnecessary, and a much simpler approach is as follows: He
shows that (17) of ref 7 may be rewritten as

1 () = Nag(3/2)(R?)3/2 + 2 <&
¢ P (6m)1/2M 36 \ M
If the uniform scaling approximation is employed, corre-

sponding to using (26) with ¢ as the fixed constant, %3(1.06),
then (33) results in the incorrect result

ku~ kuell — 0.2276(12/7)¢(3h)22 + 0(2%)]

which does not contain the linear term required by the ex-
perimental data. (In obtaining (33a) the uniform scaling result
[n] = [n]e[l + c12 — c2c2]*2 has been utilized.) This improper
uniform scaling approximation was utilized in ref 23a as well
as by us in our original manuscript. Yamakawa then suggested
the nonuniform scaling approximation such that

(R2)3/2in 1st term of (38) — (L1)32a,3(1 — Azc +...)
(27a)

(R?) in 2nd term of (33) — Lia? (27Db)

where A is proportional to ¢2 and « is some (unknown) ex-
pansion factor at ¢ = 0. We then have

)2 (R2Y3¢ + ... (33)

(7] = [n]oe,®
ku = kuo(a/a,)® — Az/[nle + . .. (34a)
Experiment suggests that
(a/a,)® =1 - (constant)z + ... (34b)

rather than the uniform scaling prediction of (33a) and ref
23a.

(V) Comparison with Experiments

(A) Good Solvents. According to (20), the intrinsic vis-
cosity in a good solvent is proportional to M3/~ The
experimental value for this exponent ranges from 0.65 to 0.80,
depending on the nature of the polymer, temperature, and
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goodness of the solvent. The viscosity exponents would cor-
respond to 1.1 and 1.2, respectively, for the values of v. As an
example, we consider linear polyethylene (fraction IX of ref
13) in decalin at 135 °C for which the intrinsic viscosity is
found to vary as [n] « M%7, Using (20) this would imply,
therefore, that v is 1.133 which lies between the value of 1.2
predicted by mean field theories?! and the value of 1.1 given
by Monte-Carlo calculations.2025 It is, in fact, very close to the
value of 1.12 obtained by Mazur and McIntyre based on fits
to light-scattering measurements?> on polystyrene. Although
any suitable empirical value can be assinged to v and the
equations derived above are still valid, the value of 1.133 is
taken for v for illustrative purposes in the explicit numerical
calculations. The v dependence of the results is discussed af-
terwards.
Substituting » = 1.133 in (20) we obtain

[7] = 0.2693 % [5/243/2],0.7 (35)
A

For linear polyethylene!5 in the theta-solvent, diphenyl ether
at 161.4 °C,

R2)q\.
[]o = KM2 = & <<_M>9>3/2M1/2 (36)

K =2.95 X 10~1 (cgs units) (37)

Combining (36), (37), and the theoretical valuez ¢ = 2.87 X
1023, the Kuhn statistical step length, {, and the end-to-end
distance at full extension, L, for the linear polyethylene are
calculated to be

[ =1.1250 X 10-" cm
L =9.0532 X 10710M cm (38)

with M in grams. Substituting (38) into (34), the coefficient
A can be calculated to be

A = 25913 X 105M ¢m—0133

According to (21), ky depends on the molecular weight of
the polymer as M(1+e—3+/2) = M«=07 Ag ki has been ex-
perimentally found to be independent of the molecular weight
of the polymer, w should be anticipated to be near 0.7. This
is very close to the “universal” value of 0.72 predicted by
Bellemans et al.!8 based on lattice calculations. Even if w were
taken to be 0.72, ky would have a rather weak molecular
weight dependence of M%92 which would be unnoticeable
within experimental error. However, just as experimental
values of v differ from the “universal” theoretical values, a
similar departure is expected for w. Consequently, we choose
the convenient value @ = (3»/2) — 1.

Substituting v = 1.133 and w = 0.7 into (21) and then com-
bining with (38) and (34) leads to

ky = 0.4005 — 4.0 X 10728’ (39)
where B’ is related to B by
B = B'/dyl«

and ds is the density of the polymer. A value of 0.043 is cal-
culated for B’ by Bellemans et al.18 based on lattice calcula-
tions where monomer units occupy the same volume as the
solvent molecules. For polyethylene in decalin the solvent size
is ten times larger than that of the monomer units. Lattice
calculations with differing segment and solvent unit volumes
are significantly more difficult to perform. A qualitative es-
timate is obtained by multiplying the lattice value by the
solvent to monomer volume ratio to yield a corrected estimate
~0.43. This value, when substituted into (39), yields ky =
0.3833 in very good agreement with experimental results of
Chaing!? for this case.
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The first term of (21) gives a value ranging within 2% of 0.4
for 1.05 < v £ 1.2. The second term of (21) is evaluated with
the choice of w = (3»/2) — 1 to preserve the molecular weight
independence of ky and with the value of B’ quoted above. We
find that it gives a small contribution to kg in the range of
(—0.03, +0.01). This indicates, therefore, that the concen-
tration-dependent decrease in coil size does not seem to be of
major effect in good solvents and that the first hydrodynamic
term is more important in good solvents, possibly explaining
the constancy of ky for different polymers in various good
solvents.

(B) Poor Solvents. Using the value of c», as given by
Yamakawa, with the required extra overall numerical constant
c3 (32) may be written as

By = kuoll + (3¢; = 2.12)z + ... ] — 2.4322c, + 0(22)
(40)

where the second term in c3 arises from intermolecular ex-
cluded volume effects and begins to contribute to order z2.
The leading term in (40) is linear in z, and this has been shown
by Yamakawa to be in general accord with the experimental
data of Kotera et al., Matsumoto et al., and Tsuji and Fujita
with ¢; — 1.06 < 0. It would be of considerable interest to
evaluate ¢ from a full theory including the complete expres-
sion for f1(s,s”). However, (40) implies that in poor solvents
the intramolecular excluded volume contribution dominates
the intermolecular one in conformity with our results for good
solutions.

(VI) Conclusion

We generalize the Freed-Edwards theory of the concen-
tration dependence of the hydrodynamics of polymer solu-
tions to consider the Huggins coefficient for polymer viscosity
with excluded volume. The theory considers both the increase
in chain dimensions, due to intramolecular excluded volume
interactions, and their decrease from intermolecular excluded
volume interactions. The theory assumes that statistical
correlations between chains do not persist for an indefinite
time (i.e., they are not entangled) so excluded volume effects
are taken only to alter chain dimensions in a concentration-
dependent fashion.

For good solvents, the theory shows that the intramolecular
excluded volume effect plays the most important role, and this
alone can give a value of 0.4 for kyy when 1.05 < » £ 1.2, A finer
theoretical value of ky can be obtained by incorporating the
intermolecular excluded volume effect also which involves the
poorly understood coefficient B. Approximating B from the
results of lattice calculations yields ky = 0.3833 for polyeth-
ylene in decalin at 135 °C in agreement with the values of by
in good solvents reported in the literature.

In poor solvents a nonuniform scaling approximation, due
to Yamakawa, leads to ky being linear in z for small z in
conformity with a number of experiments. Again the inter-
molecular excluded volume is less important than the intra-
molecular contributions with the former beginning at order
z2
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Appendix A
Using (7), (8), and (5) we get
Mkg) = [ de=s)

k2 ,
X exp{iq(s -s) - ry [R2O)(s — s) — cR2 (s — s )]}
= f_m d(s = s’) exp[iq(s —-s’) —EGER2(°>(S - s’)]

X [1 + c@f%s'—sﬁ+ 0(c2)] (A1)

Comparing (A.1) with (8) produces
© k2
F%(k,q) =j‘_m d(s —s’) exp[iq(s -s') - ?RZ(O)(S - s’)]
2 e
rk,q) = % J:w d(s = s )R2MW(s — 57)

2
X exp[iq(s - - %RQ(O)(S - s’)] (A.2)

T O(k,q) and K©(s — s’) are now used to calculate the lowest
order approximation to the self-energy as

@ ¢INy =, ,TOq")
k)=~ f 12 d) A3
2 ke ==00 Jo 9RO (A.3)
This is then substituted in (3) to get K(g,c)
1 @
= kB2
Kgo)= 5 f "dr'
[TO,q) + cT DR ,q) + 0(c?)]
cINa I‘(O)(k’,q’)]
g2 4 Sta f ARG
["0 ™™, KO(q')
B TO®R,q) + —
371'2770f d (k".q) 372ng
= dk’
dk’ TO(k',q) — f & rog,
[f ?) 7rMA170 0o k2 (k)
F(O)(k',Q')]
X f—— .
S 4 Fmgy | (9

Comparing (A.4) and (12) gives

KOlg) = —— 7 dk 10krg)
3riny Jo
1 - IN = dk’
KM(q) = [f dk’ Tk’ ,q) = ——2 f &
(q) 3a7m L Jo (k".q) M Jo B2
- r(f»(k’q')]
O (k' f [N A
(k.q) ) dg KO (A.5)

It can be shown that the expression in (A.5) for K©(q) is
identical to that of eq 10 and 11.

Substituting (12) into (2), the self-energy through first order
in concentration becomes

>:<kc —-—f dg [[O(k,q) + cT O (k,q)]
_ KM(g)
X [K©(q)] 1[1 Ko ] (A.6)

L Ok,q) _
K(O)(q)

B1om3/2(1A/6)1/2

J, e

=T = (7/2)) cos [(L - (+/2))7/2] f d exp[

Macromolecules

U_sing (A.6) in (2) and setting ¢ = 2mp/L yields the specific
viscosity through first order in concentration as given by (13).
Inserting (A.5) into (13) produces the results

1 2IN, = 1 1
1 = lim — 7
c%p( LM ano p=1 K©(p) lmk (k.p)
2ZNA had [ 1 1
+c li rw
“IMang = K<°>( ) Jim s T(RP)

1 1 p
- - F (B
3n?no [K©(p)]2 hl—rf(l) [f dk’ T D(&’,p)

IN A dk’ T Ok’ q") ]
YA ©N b’ ’
WMA,,OJ; PR f dg K<°><q>}

0(c?) (AT)

Appendix B
From (16) we obtain28

I O(k,q) . =

—_— = 2 -2
lim > il_I’I%) . dx cos (gx)k

b2
Xexp[———lAi] = —%-llm dx cos (gx)x”
6 6 «—0
AT+ ») T
X exp(—ex) = —E s cos [(1 + ) 5] B.1)

From (17) it is found that

I'D(k,q)
kfé k2 3 k—~o f d

2 Ay
X cos (gx)(x)v+e exp[—k l:x ]

=@§Mw_+_1_)cos[(y+w+1>g] (B.2)

3 q(u+w+1)
and?6

f dk TW(k,q) = ZAB

X cos (gx)x**e J;m dk k2 exp[—

ri/2 6\1/72
=5 B <ZA> tim

2 <i> 12T = (/2 + 1)

k2le”]

dx cos (gx)x =/ exp(—ex)
0

O

2 A q(w—(V/2)+1)
(B.3)
Substituting (16) into (A.5) leads to
2 ® © k2 Ax
KO(q) = Teime f dx cos (gx) f dk exp<— >

= m( )1/2 f dx cos (qx){x)~/2

__ 1 /8\v2rd=0/2) [ _v 1]
3n07r3/2<lA) a1- 2™ <1 2)2 (18)

Using (16) and (18), we calculate?® eq B.4. From (16) and
(B.4), eq B.5 is found.26 Substituting (18}, (B.1), (B.2), (B.3),
and (B.5) into (A.7), eq 21 can be obtained.

R2Ax"

] f dg cos (gx)q i~ #/2) exp(—eq)
e—'O

_ 6r0mY2(LA/6)V2 T(2 — (v/2)) cos [(2 = (v/2))7/2] f dx (x)--0/2) exp <_
0

T'(1 ~ (#/2)) cos [(1 — »/2)7/2]

_ Enor3/2(1A/8)!2 T(2 = (¢/2)) cos [(2 = (w/2))7/2]

kQZglx >

I'(1 = (»/2)) cos [(1 = (v/2))7/2]

_ 6uor®/2(14/6)W/D0HEIMIT(2 — (5/2)T((y = 2)/20) cos [(2 = (/2))w/2] () 22

2 |fwdyy2/<.,— exp[_w(y)@u/(v— ))]
v—~4 6

yD(1 = (/2)) cos [(1 = (v/2))7/2]

= Xk ((2=0)/v) (B.4)
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j; —F(O)(kq f dg’

T k q
K(O)

=2x‘

2 -3y

v=1)/v -
=X<lﬁ>( Y r(l >hm
6 v —0

T'@2 = /2) (v — 2)/20)T((1 = v)/»)T(¥) cos [(2 — (v/2))7/2] cos (v7/2) -

dx cos (gx)xv~lexp(—ex) =
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ZZA v
Xf dx cos (gx) f dkk23”)/”exp|: k Gx]

) v
f dx cos (gx) f dy /=) exp[— ATx (y)(?:r/(2—3u))]
0 0

071'3/21A

v

(B.5)

Appendix C
Substituting (27) in (A.2) gives

PO (k,q) = j:w dGs - )
. k2
X exp[zq(s -5) = ry (1+c¢i2)|s — s’l]
=2 j; d(s —s") cos {q(s —s")}

k2|
X exp[— -E- (1+c¢12)s — s’)] (C.1)

- (R21/3)(1 + ¢12)
g2 + [R2(1 + ¢,2)/6)%

2 ©
r<1>(k,q>=k—gz—c—2f d(s — ')

2
X exp[iq(s -5y~ 116—1 (1 +ci2)|s - s’[]ls -5’ (C.2)

(17)

2 ®
= E—?C—Q j; d(s — s')(s —s’)

2
X cos [q(s = s7)] exp[— (14 c2)(s —s’)] (18)

Lk
6

Equations 28 and 29 can be combined to yield

. TO(k, l
111112) k(2 9) = g (1+cy2)g—2 (C.3)
. TW(k,q) _ lzey . o
fim = T lim s =0 =0
k2l ,
X cos [g(s — s")] exp ——6—(1+clz)(s —s’)
lzeg _,
=——=g72 (C4
3 4 (C.49)

® lzcy ® B
1) == 2 — o — <’
j; dk T W(k,q) : j; dk k fo d(s —s')(s — s")

k2l
X cos [g{s — s)] exp[— ry (1+ci2)s - s’)]
_lees f d(s = s')(s —8’) cos [g(s — s)] f dk k2

X exp[— %21 (1+c2)s— S’)]

(6m)1/2 2¢9 ©  Ccosx
= lg)—1/2 f dx
2 (1+clz)3/2(Q) 0 x /2

31/277 2¢9
— . csre /2
=T Ut @7

{C.5)

(1 = (#/2)) cos {1 — (v/2))n/2]

- (371')1/2 2Co L \12
(§8] =
fO di T 0(k,p) = == (1+clz)3/2<2pl)
(C.6)

Using (30) and (28) we obtain

= TOk)g _ ., ;
j; d W— 31270 (L1 + ¢12)] /2
q1/2
>< — (1 +¢y2) f
[ [k" (1+ clz)] }
6
= 72n0l(1 + c12)k (C.7)
Using (C.7) we calculate
dk = TO(kgq")
Zre =N ). S
j; k2 '(k.0) j; d K©O(q')
1272 T ak k2
T e fo {R* + [6¢/1(1 + c12)]4
L VP ciz) (C.8)
2q

Substituting (30), (C.3), (C.4), (C.6), and (C.8) into (A.7), eq
31 can be obtained after some algebra.
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ABSTRACT: The equilibrium melting of polyethylene is discussed based on new and literature data. Melting tem-
peratures, superheating effects, and heats of fusion are determined on well-crystallized chain folded and extended
chain crystals as well as fully extended chain crystals produced by etching. Extrapolation procedures of melting tem-
peratures are critically evaluated. The superheating is shown to be mainly due to effects of the amorphous areas on
the crystals, but some superheating remains for sufficiently large crystals after removal of the amorphous material.
The heat of fusion is shown to have a surprising temperature dependence which gives a reason for errors in melting
temperature extrapolations. The experimental data on volume change on fusion are summarized. The entropy of fu-
sion is discussed in terms of the conformational change which, however, is not approximated by the constant volume
entropy of fusion. The following best values have been derived: melting temperature 414.6 + 0.5 K, crystal volume
1.0338 m3/Mg, amorphous volume 1.2765 m3/Mg, heat of fusion 4.1 + 0.2 kJ/mol of CHs, and conformational melt

entropy 7.8 + 1.0 J/K/mol of CHo.

The equilibrium properties of crystals of flexible, linear
macromolecules are difficult to obtain experimentally. On
crystallization from the melt or from solution, already poly-
merized molecules go first to a chain-folded macroconfor-
mation.! This leads, at least initially, to grossly metastable
crystals. For many years no conditions were known to produce
anything but these metastable chain folded crystals. Their
analysis furthered the belief that: “Crystallizing high polymers
have no sharp melting point”.2 A major effort was, for this
reason, undertaken to develop extrapolation procedures to
guess at the equilibrium properties. In the meantime, an-
nealing of metastable crystals, as well as crystallization during
polymerization, have led to a number of crystals of linear
macromolecules which closely approximate equilibrium
crystals.! In practice this means that crystals of high perfec-
tion of sizes above 1 um in all crystallographic directions have
been grown. It is thus possible to have an experimental check
on the quality of these extrapolations.

In this paper we are concerned with polyethylene. Experi-
mental data on crystals close to equilibrium became available
with the first crystallization from the melt under hydrostatic
pressures above 300 MN/m2.3 In the present research new data
on heats of fusion, melting temperatures, and superheating
behavior of a series of more or less extended chain crystals
have been derived. They will be combined with older data
from our laboratory and with literature data to enable a crit-
ical comparison with extrapolated equilibrium properties. Of
main interest are data on the equilibrium melting tempera-
ture, the heat of fusion, the volume change on fusion, and the
entropy of fusion. It will be shown that presently extrapola-
tions and experiments agree within the error limits of the
methods.

The first step in the analysis is the proof that the above
statement about the diffuse melting of macromolecules is true
only for metastable crystals. Equilibrium crystals of flexible
linear macromolecules melt as sharply as small molecules.
Figure 1 illustrates such proof for the melting of high molec-
ular weight polyethylene crystallized under elevated pressure
(sample PM, below). About 80% of the whole sample can be

* Address correspondence to this author at IBM Corp., Systems Products
Division, East Fishkill, N.Y. 12533.

seen to melt within 1.6 K, and the highest melting crystals are
largest in number and give a sharp melting temperature of
414.6 K.4 Since the largest crystals in this sample were 10 um
or more in all dimensions, had a density which agreed with the
x-ray density, and contained no fractions below 105 molecular
weight, they must melt with a typical experimental error of
+0.5 K at the equilibrium melting temperature.54 This con-
clusion, which was reached almost 15 years ago and was fre-
quently criticized,5 will be shown to be supported by the new
experiments and also by properly adjusted extrapolations.

A major problem in experimentation with extended chain
crystals is their tendency to superheat before melting. Su-
perheating of the extended chain crystals will be shown to
result from two sources: inherently slow melting of large
macromolecular crystals and restriction of melting by re-
maining loops and tie molecules.

Experimental Section

Materials. Linear polyethylene of number average molecular
weight 8530 and weight average 153 000 was used. A molecular weight
distribution curve of this polymer has been shown in ref 6. A high
molecular weight sample, referred to as polymethylene, was made
from diazomethane with an estimated molecular weight of 1.4 X 107,
The lowest fraction in this polymer, detectable by gel permeation, was
above 10% in molecular weight.

The crystallization conditions were guided by prior experience. The
polymethylene was crystallized at 500 K and 482 MN/m? pressure for
20 h and then slowly cooled at a rate of 1.6 K/h to room temperature
for pressure release. This sample is called PM. Its 296 K density is
0.997 Mg/m?, and its dilatometric melting point on slow heating was
determined earlier as 414.6 K (see Figure 1; sample 31 in ref 4).
Crystallizing this polymer without the aid of elevated pressure from
the melt by quick quenching led to a crystallinity of only 0.37 and a
DTA melting peak temperature of 404.9 K.

The polyethylene was crystallized both under elevated pressure
and by long-term crystallization at atmospheric pressure. The pres-
sure crystallization was carried out at 509 K and 507 MN/m? for 24
h and was followed by fast cooling to room temperature. The 296 K
density of this sample was 0.982 Mg/m?, considerably less than the
best samples crystallized from the same polymer at elevated pressure.
This sample will be called P509. The atmospheric pressure sample
was crystallized isothermally for 21 days at 402.2 K before quick
cooling to keep the segregated, low molecular weight polymer poorly
crystallized. This sample will be called P402. Its 296 K density is 0.977



